INTRODUCTION
Let XQ^N) be the compactified coarse moduli scheme over Z of elliptic curves together with a cyclic subgroup of order N. In chapter 1 the minimal resolution of Xo{N) over Z[j] is determined. In chapter 2 we describe the stable reduction of Xo(p 2 N) at p for p > 5, where p is a prime that does not divide N. It would be very interesting to known the stable reduction of XQ(p n N) at p, but wild ramification keeps me from finding it.
In a forthcoming chapter the actions of the Hecke algebra and the inertia group on the stable reduction will be studied. I hope that this (faithful) representation of the Hecke algebra will lead to an efficient algorithm for computing all Weil curves with a given conductor. Such an algorithm has already been found in the case of a prime (and maybe also square free) conductor by J.F. Mestre [12] . Until I heard from his results I was developing the same theory. Also the relation to A. Pizers Brandt matrix representation of the Hecke algebra [13] [14] should become clear. Finally I want to thank dr. B. van Geemen for the idea of reducing Hecke operators mod p, and for his proofreading.
After this text was written in November 1986, the actions of the Hecke algebra and the inertia group have been studied in the authors thesis (Stable models of modular curves and applications, Utrecht, June 1989, to be published). This resulted in an analog of the so-called "graph method" of Mestre and Oesterle [12] , and also gave new information concerning strong modular parametrizations of elliptic curves. Another application was given in an article (to appear in Asterisque) to the computation of the action of the Hecke algebra on the groups of connected components of reductions mod p of Neron models over Z of jacobians of modular curves. Again, I would like to thank my thesis adviser F. Oort and especially B. van Geemen for their advice and support.
NOTATIONS
In this paper, we will freely use notations introduced in the book of Katz and Mazur [9] . For the convenience of the reader, we will list the places where a definition of some of these notations can be found. A few other remarks should be made. Often, "irreducible component" will mean the reduced subscheme corresponding to it. We will also use the expression "local equation" for what should really be called a formal local equation.
(Ell) modular stack of elliptic curves [9] 4.1.
(Ell/.R) modular stack of elliptic curves over base schemes over Spec(fi) [9] 4.13.
P moduli problem : a contravariant functor from (Ell) or (Ell/.R) to (Sets), see [9] 4.2.
M(P) (fine) moduli scheme associated to a representable moduli problem, [9] 4.3.
M(P) coarse moduli scheme associated to a moduli problem P which is relatively representable and affine, [9] 8.1 If P is representable, then it is just M(P).
M(P) compactified coarse moduli scheme, [9] 8.6.
M(P)
compactified moduli scheme, [9] 8.6.
[ro(AQ] the moduli problem that assigns to E/S the set of To(N)-structures on E/S, see [9] 3.4 and 5.1.
[(a, 6)-cyclic] the moduli problem on (Ell/Fp), where p is a prime, assigning to E/S the set of (a, ^-cyclic subgroups of E/S, see [9] 13.4.3 and 13.4.5.
[Ig(j/
)] the moduli problem on (Ell/Fp) that assigns to E/S/Fp the set of Igusa-structures of level p n on E/S, see [9] 12.3.
[Exig^,^)] the moduli problem on (Ell/Fp) that assigns to E/S/Fp the set of i-exotic Igusa-structures of level p 71 on E/S, see [9] 12.10.5.1. 
THE MINIMAL RESOLUTION OF
where D can be found in The only non-trivial stabilizer groups we encounter are cyclic of order 2 or 3. Since p > 5 the quotients we consider commute with all base changes we will perform, and the quotient of a closed subscheme will be its image in the quotient.
The scheme M{P, [ro^AOD^z Fp is completely described in terms of.M(P, [ro(AQ])0z Fp in [9] Thm. 13.4.7. This description yields enough information to get the result.
1.1.3.
We use the notation of [9] Thm. 13.4.7 : M^P^TQ^N)}) 0z Fp is the disjoint union, with crossings at the supersingular points, of the n + 1 schemes
, so only the (n,0) and the (0, n)-components are reduced. By taking the quotient we see that XQ^N) (g)z Fp consists of n + 1 irreducible components all isomorphic to XQ^N) 0z Fp which intersect at every supersingular point and nowhere else. The multiplicity of the (a, ^-component is ^(p" It is easily checked that these points are isolated in XQ(p n N) for the property of having extra automorphisms. By purity of branch locus, they must be singular in the surface XQ^N). We will not use this, because it follows directly from the calculations we will do. We see from this that after blowing up we still know the p-fibre + action, and we can repeat the procedure until the quotient will be regular. Then we know the p-fibre of the quotient, and after contracting -1-curves we have the minimal resolution.
1.1.6.
There is still more to know, namely the global structure of the non-reduced irreducible components (the description in [9] Thm. 13.4.7 only gives the fibre of the non-compactified moduli scheme). Following the construction of the minimal resolution we will determine the conormal bundles of the reduced (a, ^-components. We express these bundles in terms of Xo(N) 0z Fp. The statements of description 1.1.1.2 then follow from the fact that the degrees of these line bundles are sufficiently large. 
Taking the quotient by G and applying [9] Applying factorization into prime powers ([9] Lemma 3.5.1) we get an isomorphism : (9)) [ro(A^)]Tate(9)/Z( (9)).
We will first compute the two factors of the right hand side. 
Of course the normalization of
qP"', and we must find the normalization of Z[[q}} in Spec(Z((q))[x]/{^ pb(x))), which is Spec(Z[[q]}[x}/(^pb(x))), because it is regular and finite over
which is :
because it is regular and finite over Z[ [q}] . We have proved the following proposition.
and hence is regular. 
We see that in the decomposition of X that comes from the decomposition of Cuspsdro^)]) (see Proposition 1.2.2.1), the (n,0), (0,n) and (a, (^-components with a > b are regular. For the (n,0) and (0,n)-components one uses the fact that Xo^) -^ Spec(Z) is smooth at the cusps of these two components. The (a, (^-components of X with b > a > 0 are locally etale isomorphic to :
so they cause a problem. One way to get out of this is to let the involution Wpn act. The action of Wpn on [^o(p n )} is defined by :
This action induces one on XQ(p n N), and it interchanges the (a,&) and (6, a)-components of the p-fibre, and hence interchanges the (a, 6) and (6, a)-components of the scheme of cusps. Then it follows that the components with b > a > 0 are regular too. Of course, we could also have directly computed the normalization. Anyhow, we have proved the following theorem. 1.3. Computations.
1.3.1.
In this section we will do the computations that are outlined in 1.1.5. By the blow up X of a scheme X in a sheaf of ideals I we will mean the X-scheme Proj(©^>or 1 ), as in [5] II 8.1.3. It is clear from this definition that blowing up commutes with flat base change : if Y -^ X is flat, then the fibered product Y x^ X is the blow up of Y in the inverse image sheaf of ideals of I. We will use this in the case where X is the spectrum of a noetherian ring A, and Y is the spectrum of some completion A of A.
In our application, X = Spec(A), where A is a regular local ring of dimension 2, and X is the blow up of X in the sheaf of ideals of the closed point x. Let rr, y be a set of parameters of A. According to [5] IV Proposition 19.4.11, X is the closed subscheme of P^ = Proj(A[ (7,y] ) defined by the equation xV -yU = 0, and X is regular. The scheme X is covered by the two open affines -D+(i7) and D+{V), where
On D^-{V) and D+( (7), the inverse image ofx, which we call the exceptional divisor, is described by the equations : y = 0 and x = 0, respectively. Let x and y be the local moduli of source and target at x, both corresponding to t. Then [i] acts on x and y by : x \-> -re, y i-^ -y. The universal formal deformation space of x is isomorphic to the completion of the strict Henselization of M(P,[^Q(p n N)}) at some point over x, where P is some moduli problem that is etale over (Ell). As in 1.1.5, we have coordinates < = y 2 , u = - 
The computation in this case is the same as the one in 1.3.2, the only difference is that the special fibre has only one component at x. There are now three cases corresponding to a > ft, a = b and a < b. We draw three more pictures. 
The case j
This point x of [Fo^)], together with a generator [p\ of Aut^(x) corresponds to :
From this we get the action [p\ : x ^-> C,x^y ^-> C,y on the local moduli of source and target. We blow up because the action on the cotangent space of the deformation space of x is not by a pseudo-reflection. The resulting situation is pictured in figure 1 .3.5.1.
We are left with two fixed points. There the action is not given by a pseudo-reflection. We blow up in these points. Now the action at the fixed points is given by pseudo-reflections, so we take the quotient. The situation then looks like the one in figure 1.3.5.2, but the selfintersections -1 have turned into -3, and the -3 has turned into -1 (because the quotient map has degree 3 on this P^). We contract this last one, see for example [10] Thm. 27.1. The selfintersections of the remaining two Pj^'s are -2. The final state is pictured in figure 1 .3.5.3. The local equations then give the intersection numbers. We describe step by step how to get all this. Let k = Fp.
1.4.2.
Step 1. Take the disjoint union of n + 1 copies of Xo(N) 0z k, and let $ be the morphism : 
1.4.3.
Step 2. At every supersingular point x of XQ^N) 0z k contract <&~1 x to one point. The local equation at such a point is :
(^" -y)^ -yP") ]^ (^°-1 -^-Y-1 = 0. a+6=n a,6>0
1.4.4.
Step 3. Let x e Xo{N)(k) be a point with AuU(x) ^ Z/4Z (these are the points in Xo(7V)(fc) corresponding to an elliptic curve with j-invariant 12 3 , together with a cyclic subgroup of order N which is invariant under the automorphism of order 4). If x is supersingular (this corresponds to p = -1(4)) then replace the unique point lying over x by figure 1.3.2.3 . If x is ordinary (p = 1(4)) then let {xa,b\a + b = n} be the set of points lying x, and replace Xa,b by figure   1.3.3.1. if a >&>( 
Xo(p
2 ), for example.
The case Xo(pN) is done in [3] VI §6
, see also the appendix of [11] . We will apply section 1.4 in the case Xo(p 2 ), that is, we give the results. 1.6. Global structure of Xo^TV) <8>z Fp. 
The casep = 1(12
YI -^ SpecyJ0y,©Z/Z 2 ©...©Z N - l /^) \ / Yo
(this means that YN-I -/-projection is isomorphic to the N -1-th infinitesimal neighborhood of the zero section in the normal bundle on Yo).
Proof. -Let Z -> YQ be the normal bundle of YQ in X :
.).
For N = 1 the proof is trivial, hence we assume that N > 
We have to show that this closed immersion can be lifted to Y^-i-In order to do this, we use obstruction theory as in [7] §4, i.e. we apply [6] exp. Ill Cor. 5.2 + the first alinea following this. Suppose that we have a Yomorphism g^ ' . Yn -> Z lifting ^i, with 1 < n <N -1. Note that such a On is automatically a closed immersion. We will now show that gn can be lifted to a Vo-morphism fi^+i ; Yn-^-i -^ Z. Let P(gn) be the sheaf of sets on Yo with P(9n)(U) = {liftings g^\ of gn over U} for every open subset U of Yo. According to [6] exp. Ill Cor.
5.2, P(gn) is a G-torsor, where
G^g^Y^^o^^/I^2.
We have now to show that P(gn) has a global section, i.e., that P(gn) is trivial as a G-torsor. The totality of G-torsors (up to isomorphism) is parametrized by ^(YQ^G), hence a sufficient condition for the existence of a lifting g^i is that H^Vo, G) = 0. Therefore we compute G. Note tnat since j^i/p^ ig a Oy-module, 6' is a Oy -module too. Let go :Yo -^ Z be the zero section. Then we have : 
ith D a cuspidal divisor. Since we know the degree of £, we know the degree of D. A modular interpretation of the cusps would be helpful at this point, but since we do not have one, we proceed in a not so elegant way. 
where rria' denotes the multiplicity of the (a',n -a'^component, where s is the number of super-singular points on V, and where la,a' is the local intersection number of the (a, b) and (a',n -a'^components at a supersingular point. According to [9] Thm. 13.4.7, ma' is the minimum of (p^) and ^(p^^). From the local equation for XQ^N) 0z Fp at such a point (see [9] Thm. 13.4.7) it follows that Evaluating the sum gives :
We can compute s using the Kodaira-Spencer isomorphism of [9] Thm. 10.13.11 and the Hasse invariant [9] Thm. 12.4.3 :
w, (cusps)--^, O^^^(,.,.)__^(P-I).
From these two formulas we see that :
It follows that for P representable finite etale Galois over (Ell/Zp) we have that : with D a divisor supported on the points in the finite part which have extra automorphisms. In order to compute D, we have to see what happens to C and Q 1 when we blow up or take a quotient. Let P be a point on the (a, 6)-component such that its image in XQ^N) has extra automorphisms. After d blow ups in P, the conormal bundle of the (a, (^-component is isomorphic (Zariski locally at P) to (0-p ^'"""(dP), and the stabilizer Gp of P acts on the cotangent space at P by pseudo-reflections. Let z be a local coordinate on the (a, ^-component at P, and let e be the order of Gp. 
C---(n^^ (cusps))^-

Let us now consider the moduli problem (P,[ro(N)]
If is now obvious from the isomorphism 1. TAe points over x = 0, rr = oo are g'2ued ^o the ou^er components. The two points over x = 1 are giued to the two middle components. = Spec (this normalization).
2.1.3.
We treat the different cases separately.
2.2.2.1
The case b = 0, a = 1.
The ring in question is regular, hence normal.
2.2.2.2
The case b = 0, a = p -1.
We can write :
Ce^-i(^i)
From this it follows :
By [9] Thm. 12.6.1(3) we get an isomorphism :
Taking the quotient by {±1} gives : 
This can be checked in the special fibre itself. Let Z be the ideal of the reduced (l,l)-component of X, and let Xn be the subscheme of X defined by I^. Then Theorem 1.6.1.1 gives :
Xp_2--^Spec^(Oxo © r © ... © /7-2 ), Then A(p+i)/2 is a global function on Xp_2 which has the right divisor.
We will now try to lift this function to one on X which still has the right divisor.
Let J be the ideal of the reduced horizontal components. Let n > p-1. We suppose that we have a lifting fn-i to Xn-i. We want to lift it to a fn on Xn, with fn a global section of (Z 7^1 + j(p+i)/2)/jn+i. Consider the diagram :
p+i p+i 
2.5.2.
The case Xo(7 2 ). We have the picture :
0000
The elliptic curve over k is the smooth model of : y 2 = x{x -I) 2 . The automorphism of order 4 : {x,y) ^ {x,iy) fixes the regular point (0,0), hence the elliptic curve has j = 2 6 3 3 = -1(7). From Table 1 of [1] we extract : Xo (7 2 ) over Q is the elliptic curve given by the equation : y 2 + xy = x 3 -x 2 -2x -1. Its ^'-invariants is -S^3, and indeed -S^3 = -1(7).
